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We consider the problem of maximizing expected power util- 
ity from consumption over an infinite horizon in the Black-Scholes 
model with proportional transaction costs, as studied in the paper 
Shreve and Soner (f994). 

Similarly to Kallsen and Muhle-Karbe (2010), we derive a shadow 
price, that is, a frictionless price process with values in the bid-ask 
spread which leads to the same optimal policy. In doing so we explore 
and exploit the strong relationship between the shadow price and the 
Ifamilton-Jacobi-Bellman-equation. 



1. Introduction. It is a classical problem of mathematical finance to 
consider the problem of maximizing expected utility from consumption. This 
was initiated by Merton (1969, 1971), and thus is often referred to as the 
Merton problem. He found that for logarithmic or power utility it is optimal 
to keep a constant fraction of wealth in stocks and to consume at a rate 
proportional to current wealth. 

This was extended to proportional transaction costs by Magill and Constantinides 
(1976). They stated that it is optimal to restrain from trading while the frac- 
tion of wealth invested in stocks is inside an interval [0i,02]- Their heuristic 
argument was made precise by Davis and Norman (1990), which was then 
generalized by Shreve and Soner (1994) who managed to remove a couple of 
assumptions needed in Davis and Norman (1990). 

These papers use methods from stochastic control. In recent years it 
seems there is more and more emphasis on solving portfolio optimization 
problems with transaction costs by determining the shadow price of the 
problem Gerhold et al. (2011); Gerhold, Muhle-Karbe and Schachermayer 
(2010); Kallsen and Muhle-Karbe (2010). This is a process that establishes 
a link between portfolio optimization with and without transaction costs as 
the optimal policy of the shadow price without frictions must coincide with 
that of the original problem. 
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The first article in this context is Kallsen and Muhle-Karbe (2010). They 
use this dual approach to come up with a free boundary problem and solve 
that to derive the shadow price for logarithmic utility. They also showed 
a connection with the original solution of Davis and Norman (1990). They 
point out how the optimal consumption derived by Davis and Norman can 
be used to determine the shadow value process and from that the shadow 
price itself. 

Our paper basically does the same for the power utility case. We start 
from the known solution of the problem with transaction costs and consider 
what that means for the shadow price. We notice that this optimal policy 
can only be derived from one shadow process, so it is quite straightforward 
to come up with a candidate. Then we only have to verify that this process 
satisfies the required properties of the shadow price. 

The rest of the paper is organized as follows. Section 2 introduces the 
model and summarizes the known facts about problems with and without 
transaction costs for the power utility case. Section 3 shows how to come up 
with the candidate for the shadow price. Section 4 contains the verification, 
the main result is in Theorem 3.1. 

2. Model and known results. 

2.1. The model. We study the problem of maximizing expected utility 
from consumption over an infinite horizon in the presence of proportional 
transaction costs as in Davis and Norman (1990); Shreve and Soner (1994); 
Kallsen and Muhle-Karbe (2010). We consider a market with a bank account 
or bond whose value is constant 1 and a risky asset, a stock, whose price 
evolution is given by 

dSt = Stifidt + adWt), 

with So, fi,(T > 0, where is a Brownian motion on the filtered probability 
space (il, (3"f)t>o, P). Whenever trading occurs, the investor faces higher ask 
(buying) and lower bid (selling) prices, namely he can buy at St = {1 + X)St 
and sell at S_t = (1 — X)St for some A G (0, oo) and A G (0, 1). As transactions 
of infinite variation lead to instantaneous bankruptcy, we limit ourselves to 
the following set of trading strategies. 

Definition 2.1. A trading strategy is a predictable {(ff,(pl) G pro- 
cess of finite variation, where and ipj denote the number of units in the 
bond and the stock at time t respectively. A consumption rate is an adapted 
ct G (R+ process, which statisfies Jq Csds < oo a.s. for all t > 0. A pair 
{{ip^ , ifl), ct) of {ip^,ipl) trading strategy and q consumption rate is called 
a portfolio/consumption process. 
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Writing if] = ipj. — ypj as the difference between the cumulative number 
of shares bought (<^J) and sold {(pj) up to time t, a portfolio/consumption 
process is called self-financing, if 



holds. This way a self-financing strategy can be determined by , cj). From 
now on we only focus on self-financing strategies and use only the notation 



Definition 2.2. A self-financing portfolio/consumption process is ad- 
missible if its liquidation value is non-negative, i.e., 



Given an initial endowment {xo,yo), referring to the value of bonds and 
stocks respectively, an admissible portfolio/consumption process {ipl,ct) is 
optimal if it maximizes 



over all admissible portfolio/consumption processes. Here 6 > denotes a 
fixed given impatience rate, u a utility function, in our case the power utility, 
i.e., u{c) = ^ for some 7 € (0, 1). 

The goal of this paper is to determine the shadow price process to this 
problem. 

Definition 2.3. A shadow price is a frictionlcss price process St, ly- 
ing within the bid-ask spread {S_i < St < St a.s.), such that the maximal 
expected utility for price process St with transaction costs and for price 
process St without transaction costs coincide. 

Obviously, for any process lying in the bid-ask spread, the maximal ex- 
pected utility is at least as high as for the original market with price process 
St, since the investor can trade at a smaller ask and a higher bid price. In- 
deed, this is what makes the shadow price so special, the optimal strategy 
with respect to it must only buy (resp. sell) when the shadow price coincides 
with the original ask (resp. bid) price. 



dcpt = —Stdcfl + S_tdLpi — ctdt 



{(fl,ct) for them. 




Vt + Stift - St(Pt > a.s. for all t > 0. 



E 
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2.2. The problem without transaction costs. In order to determine the 
shadow price, we need to obtain the optimal consumption and portfoho for 
the power utihty when the stock price can be any Ito-process. In this section, 
we follow Karatzas and Shreve (1991) section 5.8. 

Assume that the discounted price process S is an Ito process of the form 

dSt = Stifitdt + atdWt), 

where 1^ is a Brownian motion on the filtered probability space (fi, (3"t)j>o, P). 
We also assume that there is a local martingale Z such that ZS is a local 
martingale. This amounts to say that jl factorizes as /it = rtat with the 
"Sharpe-ratio" like process r, which is locally in almost surely. Then 

ft 



Z plays the role of the density process of an equivalent martingale mea- 
sure. We use the present form to avoid technical difficulties arising from the 
possible nonexistence of an equivalent (local) martingale measure on 3"oo- 
The value process V = V'^ ''^ of a self-financing strategy {ip^, c) is 

Vt = Vo+ l\\dSs- f csds. 
Jo Jo 

Note that if the strategy is admissible then > holds for all t > 0. Then 
for the discounted value process ZtVt 

ZtVt-Vo= [ iflZ.dSs- [ ZsCsds+ [ {^lSs+Xs)dZs+ [ ^ld(s,Z 
Jo Jo Jo Jo ^ 

/ ipld{ZS)s - / ZgCsds + / XsdZ: 
Jo Jo Jo 



SJ 



where Xt denotes the balance of the bank account at time t. The point here 
is that ZtVt + Jq CgZigds is a local martingale. By stopping we get that 



Vo — E ( ZtArVtAT 



f 

Jo 



3"n I = / E ( ZsCst(^s<T) 



3"o I ds 



Then letting t and r go to infinity we get that 



(1) T^o>E / ZsCsds 



oo 



^0 
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provided that ct,Vt ^ for all t > 0. From this we can conclude that if 
a strategy is self-financing and admissible, then ZsCgds is finite almost 
surely and its generalized conditional expectation with respect to 3"o exists 
and is finite almost surely. In the special case when E ^Vq^ < oo, which is 
usually assumed tacitly, we have that 

ZgCgds G L^. 

From (1) an admissible strategy is optimal if 



(2) 

and then 



ZtVt+ / CsZsds = ^ 







Z qCqdiS 



is a true martingale. This also gives us 



(3) 



ZtV, = E 



Z ds 



5-. 



that is to say that Vj is the present value of future consumption for the 
optimal policy, under the measure given by density process Z. 

Observe also that if there exists an optimal strategy {f^ , c) and the density 
process is Z then 



(4) 



ZtSt = A ( E 



Z cCcds 



S't - ZtXt 



Now the optimal consumption is given by 



where / = (n') and 



St 



For details, see Karatzas and Shreve (1991). The 3"o measurable random 
variable tjq is determined by (2). For the power utility 



u{x) = x"' /j, u'{x) = x'^ ^ , I{x) = x^^^'^ ^\ 
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Hence t/q satisfies 



It is assumed that e i-t''*E (^Z^^^'^ j dt is finite and therefore t/q sat- 
isfying this equation exists. Then 

* _ „* ^1/(7-1) 5V (7-1) 

where Cg = (??o)^''''^~^^ • Later, we need also that Z can be expressed using 
the optimal consumption rate 



Jo I dt. 



St " {^t ) -St I 



(5) Zt = e-^*^ = e 



7-1 



2.3. The problem with transaction costs. In this section we summarize 
the results for the Merton problem in case of power utility with geometric 
Brownian motion price process. For details we refer to the papers Davis and Norman 
(1990); Shreve and Soner (1994) or the recent monograph Kabanov and Safarian 
(2009). 

The endowment at time t is given by the pair {Xt,Yt), where Xt is the bal- 
ance of the bank account and Yj is the value of the stocks we hold evaluated 
using the mid-price St- Following Shreve and Soner (1994), we introduce the 
so-called Bellman or value function v{x, y) which denotes the optimal value 
gained from consumption if we start with initial endowment {x,y). Next, we 
denote by S the solvency cone, which is the set of those (x, y) for which the 
liquidation value is still nonnegative: 

S = |(x,y) E 1R2 . x^^i^x)y>0 and x + (1 - A)y > O} . 

Then we have that the function f is in S, except maybe the positive 
y-axis, and satisfies the following equation 

(6) mm{6v{x, y) - ^a'^y'^Vyy{x, y) - fiyvy{x, y) - u{vx{x, y)), 

- (1 - X)vx{x, y) + Vy{x, y), (1 + '\)vx{x, y) - Vy{x, y)} = 0, 

where u{p) = ^-^P is the Legendre transform of —u. 
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This equation tells us the following. The second and the third parts come 
from the fact that for the optimal policy trading at a given situation, or 
more precisely trading differently than according to the optimal strategy 
cannot improve matters. 

The first one expresses that the process 

e-^'v{Xt,Yt)+ f e-^'u{cs)ds 
Jo 

must be a supermartingale and for the optimal policy a (local) martingale. 
This is not surprising if we consider that the first term above is the dis- 
counted value of the value process starting from endowment {Xt,Yt), and 
the second is the discounted value gained from the consumption process up 
to time t. So the first one is what can be gained from consumption after 
time t and the second is what we have gained so far following a strategy up 
to time t. 

We can partition the solvency cone according to which one of the above 
equations is active, this way we get three sections, the no-trade (NT), the 
selling-stock (SS), and the buying-stock (BS) (or SMM) regions. 

Our standing assumption is that the no-trade region (NT in the sequel) 
is contained in the first quadrant of R^. We also suppose that the initial 
endowment (xo,?/o) is in the NT. 

In the no-trade region v satisfies the HJB-equation 

5v{x,y) - ^a'^y'^Vyy{x,y) - fiyvy{x,y) - n(t;^(x,y)) = 0, 

{1 + X)v^{x,y)-Vy{x,y)>0, 
-(1 - X)vx{x, y) + Vy{x, y) > 0. 

The latter two come from the fact that it is not optimal to buy or sell 
stocks in the NT, see Shreve and Soner (1994). Note that they also mean 
that the fraction does not leave the interval [1 — A, 1 + A]. This will 

be important in the sequel. 
For the SS section we have 

(1 + 'X)Vx{x, y) - Vy{x, y) = 

and for the BS section 

-(1 - K)vx{x, y) + Vy{x, y) = 0. 

These equations correspond to the fact that when the fraction of wealth 
invested in stocks is too high (resp. too low), then it is optimal to sell (resp. 
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buy) stocks. Due to continuity, these hold true for the respective boundaries 
of the NT and are henceforth referred to as the boundary conditions of the 
HJB-equation. 

We can deduce from this by differentiating with respect to x and y that 
for the SS section, except maybe for the positive y-axis, 

{l + X)Vj:j:{x,y)-Vj:y{x,y) = and {1 + \)v-^y{x,y) - Vyy{x,y) = 

and for the BS section 

-(1 - X)vxx{x, y) + Vxy{x, y) = and - (1 - X)vxyix, y) + Vyy{x, y) = 0. 

Thus these equations also hold for the respective boundaries of the NT. 

Using the homotheticity property of the Bellman function, for y > we 
can write 

v{x, y) =y'^h(- 

\y 

with h{u) = v{u, 1). It is easy to see that because of this connection, v and 
h have the same order of smoothness. 

For this h function the HJB-equation can be written in the form 



(8) 



(^S-jfi + ^7(1 - 7)a2^ h{u) + j)a^) uh'{u) 



- ^a\'^h"{u) - u{h'{u)) = 0. 



For later use, we introduce the notation 

(9) Hiu) = 

(^S--fn+ ^7(1 - j)a^^ h{u) + (/X - (1 - 7)a2) uh\u) - ^a^u^h'^u). 

With this the HJB-equation becomes H{u) = u{h'{u)). By rearranging the 
above equation, we can express h"{u) by the lower order terms, which means 

that h is smooth in , where [6*1, ^2] is the interval in which it is 

optimal to keep the fraction of wealth invested in stocks. Hence we get that 
V is smooth in the closure of the NT. Thus we can differentiate the HJB- 
equation freely with respect to x and y. 
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As for the boundary conditions of the HJB-equation, they take the fol- 
lowing form for h 

(^-l-u + X)h'{u)+^h{u)>0, ne[i^,i^), 

= 0, u = ^, 
(10) _ ' ^ 

{l + u + X)h'{u)-^h{u)>0, nG(i^,i^J, 

= 0, n=i^. 

Shreve and Soner, see Shreve and Soner (1994), have also shown that v is in 
except maybe the y-axis. So, these conditions should be supplemented 
with the so-called smooth pasting conditions which come from the aformen- 
tioned derivatives of the original boundary conditions 

(-l-n + A)/i"(n)-(l-7)/i'(n) = 0, foru = ^, 
(1 +n + A)/i"(n) + (1 -7)/i'(u) = 0, for u = i^. 

Shreve and Soner have also proven that for the optimal policy we have 



(12) 



{Xt,Yt)eNT, t>0, 

dXt = - V, iXt,Yt)-^dt + n {Xt , Yt)dkt , 
dVt = Ytifidt + adWt) + r2iXt, Yt)dkt, 
dkt = l(^(^Xt,Yt)edNT)dkt, 



where 

r{x,y) = (ri(x,y),r2(x,y)) 



;-(l + A),l), il {x,y) GdNTndBS, 
;i-A,-l), a {x,y) e dNTndSS. 



From (12) the consumption rate of the optimal policy is 

(13) ct = v,{Xt,Yty^. 
Note also, that r is such that for (x, y) € dNT 

(14) Vx{x,y)ri{x,y) + Vy{x,y)r2{x,y) = 0, 
and therefore for all t > 

(15) {v,{XuYt)n{Xt,Yt) + Vy{XuYt)r2{Xt,Y^)dh = 0. 
Again we stress that these hold true if we use Vx or Vy instead of v. 
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3. Candidate for the shadow price process. Assume that there is a 
shadow price S. Then the optimal policy under the price S with transaction 
cost and under the price S without transaction cost have to be the same. 
Comparing identities (5) and (13) gives that the candidate for the martingale 
density is 

~ _ ^_st v^{Xt,Yt) 
Vx{Xo,Yo) ' 

where X,Y is the solution of (12). 

Now, given {(p^,c) and Z we can use (4) to get a candidate for the shadow 
price: 



ZtSt 



1 



E 



Co Z qdiS 



•Jt - XtZt 



Observe that the special structure of the power utility function makes it 
possible to express the conditional expectation as 



E 



and 



CcZ ci ds 



E 



1 



e-''^v{XuYt] 

Vx{Xq,Yq) 



e-^'v^AXuYt) 



XtZt — Xi 



Since v{x,y) = y^h ( | 



Vx{Xq,Yq) 

we have that 

(16) 7u(x, y) = xvx{x, y) + yvy{x, y). 

Hence, using that 'fl = Yt/St, 



~ ~ St [ e-''YtVy{Xt,Yt) 
ZA - - 



e-''StVy{XuYt] 
vAX^,Yo) 



v.{Xo,Yq) 

that is, the shadow price candidate S can be written as 

StVy{Xt,Yt) 



(17) 



St 



V:,{Xt,Yt] 



Theorem 3.1. Assume that the no-trade region is inside the positive 
quadrant of R^. Then S defined in (17) is the shadow price for the problem 
with transaction costs. 
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Proof. First, S lies in the bid-ask spread of the stock price S thanks to 
(6). Next, let us try to identify the local martingale density process. Define 



„ _StV:,{Xt,Yt) 

— e 



Vx{Xo,Yo) ' 
Then we have 

Zt v^{Xt,Yt) v^{Xt,Yt) 2 v^{Xt,Yt) 

= -itdWt 

with = —aYt ^^^Ixlvt) ' '^^^ drift and the dkt terms disapper due to the 
HJB-equation (7) and the boundary conditions (15) differentiated with re- 
spect to X. 

Similar argument shows that 

Mt= ,^ e-''StVy{Xt,Yt) 

is a local martingale. Indeed by Ito formula we get dynamics of Mt (we omit 
the arguments of the functions for brevity) : 

^=(-5 + f, + a-'Yt^) dt + adWt + ^dXt + ^dY + l^d (Y), 

Mt \ Vy J Vy Vy ^ 

= ytdWt 

with vt = a ^ ^^^Yxfyt^'^ ~'~ ^ ■ ^'^^^ ^^^^ diiii and the dkt term disapper due 
to the HJB-equation (7) and the boundary conditions (15) differentiated 
with respect to y. 

Observe that St = i.e., StZt is a local martingale, and Zt is indeed 
the local martingale measure density for the process St- Hence we get that 
the optimal consumption with respect to this process is 

* ° * %,(Xo,lo)-i/(i-^) 
where Cq is determined by the identity 

(18) Vb = cS e-—''B I Jo) dt 
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The left hand side of (18) is 



yo a _ xvxixo,yo) +yoVyixo,yo) _ v{xo,yo) 



5*0 Vx{xo,yo) Vx{xo,yo)' 

In the last step we used (16). For the right hand side (18) we use that v is 
the value function and the optimal policy is described in terms of {X, Y) 
and V as in Subsection 2.3: 



v{Xo,Yo)=B(^j^ 



3-i 



e-^*u{ct)dt 
]-E (^j\-%x{Xt,Yt)-^dt %^ 



1 1 
Then rearranging gives that Cq = Vx{Xo, Yq) . Hence c* = Vx{Xt, Yt) i-t , 

which is the coefficient of the drift term in the evolution of Xt . 

Next we show that the optimal startegy {ip^ , c* ) of the problem with trans- 
action cost is admissible and self-financing for the price process 5 without 
transaction cost. 

The self-financing property follows form the fact that ip^ only changes on 
the boundary of the no-trade region and due to the boundary conditions for 
V the shadow price candidate 5 and 5 coincide on the support of dip^ . 

The value process of this strategy is 

Vt = 99° + iflSt = Xt + Yt^>0 

as {Xt, Yt) G S and ^ G [1 — A, 1 + A]. Thus this ipt is an admissible strat- 
egy and ct is the optimal consumption, we get that {cpt,ct) is the optimal 
portfolio/consumption pair for the process St and as the optimal strategy 
only trades on the boundaries, we have shown that St really is the shadow 
price. □ 

Remark 3.1. Note, that Z and M are true martingales. Hence Z is mar- 
tingale density for S. The first part follows form the fact that ^ is uniformly 
bounded since 

h"iuty 



^t = a{{l-j) + Ut 



h'iUt) 
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which is a continuous function of the bounded process Ut = jf. Here we 
use the assumption that the no-trade region does not meet the x-axis. This 
makes Zt a true martingale. 
For M we argue similarly. 



is uniformly bounded, making Mf a true martingale. 

4. Connection with work of Kallsen and Muhle-Karbe (2010). 

For the shadow price, we need the function v. If we have such a function that 
satisfies the HJB-equation with the appropriate boundary conditions, then 
we can define the processes X and Y, and with that our candidate for the 
shadow price. Due to the homotheticity property, it is enough to determine 
the function h for which we have a free boundary problem, though it is 
not that simple to solve, see Davis and Norman (1990). In the following, 
we show how to transform it in order to come up with a somewhat simpler 
problem, which also demonstrates the connection of the HJB-equation and 
equation (3.15) in Kallsen and Muhle-Karbe (2010). 

To derive the shadow price in the logarithmic utility case, Kallsen and 
Muhle-Karbe used the function g, which made the connection between Ct, 
the difference between the logarithm of the shadow and original price pro- 
cess, and /3t, the difference between the logarithm of the value held in stock 
and bond with respect to the shadow price, i.e. they showed that Ct = g{/3t) 
and that this g function satisfies a free boundary problem. 

In our case 





and 



(19) 




thus 



(20) 





we have that 



Vy{x,y) _ jh{u) —uh'{u) 
Vx{x,y) h'{u) 
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with li = |. So 5 can be expressed as g{z) = z + log{f^^{z)), where 

^h{u) — uh'(u) 



f{u) = log 
For this / we have 



uh'{u) 



(21) uf'iu) = -1 - (1 - 7)e-^(«) - (1 + e-^("V^ 
and 

(22) u^f'iu) = -uf'iu) + uf'{u){l - 7)e-/(") + n/'(n)e-/(")n^ 

h'[u) 

From (21) we have 

h"{u) 1 + (1 - 7)e-/(") - uf'iu) 



(23) u 



h'{u) 1 + e-/W 



and as for (22), we need to express ™ terms of f{u). For this we 

turn to the HJB-equation for h and its derivative 

(24) (<5 + (1 - 7)/^ - ^(1 - 7)(2 - 7)^') h'{u) + (^ - (2 - ^)a^)uh"{u) 

- ^a\^h"'{u) + /i'('u)-^/i"(u) = 0. 

With the notation (9) this becomes H'{u) + h'{u)~^h"{u) = 0. 

Now from the HJB-equation, we can express /i'(n)^~ = ^^h'(u)^ 
putting this into (24), we get 



2h"'(u) f25 , ^2/i , 
n'[u) \ cj^ (T^ 



1 2<^ 7 2^ \ tM^ /i"(n) 
(25) +(-, --2--, Z^+^i ZU7Z^''- 



1 — 7cr^ 1 — 7 0"^ J uh'{u) h'{u) 



l-7cj2 ) h'{u) 1-7 h'^{u)' 
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Putting this and (23) into (22) and using = 1 + e-^^^^ , we have 



f" (n) + uf in) = 
"l-7a2^ ^ l-7a2 ^ l _ ^ i + g'/W 



+ 76' 



(26) 



+ 



(l + e^(")) 



1 25 

1 — 7 (T^ 

7(3 - 7) 



1 2/i 

1 — 7 (T^ 



(^(l + e/(«))-l) n/'(n) 



1 



1-7 1 + e-ZW 
7 1 



+ 



+ 'je 
2 



^ uf'{u) 



1 - 7 1 + e-/(") 1 + e-/H 
The boundary conditions (10) and (11) take the form 

logn + /(u) > log (1 - A), ue 

= log(l-A), n=i^, 
(27) logn + /(n)<log(l + A), ue(^,^ 



l-6>2 l-6>i 

02 ' 61 



log(l + A), n=i^. 



uf'iu) 



-1, 



1-02 l-6>i 
^2 ' 6*1 



As (?(z) = z + log (/ ^(z)), with z = f{u) we have 



u/'(^.) 



1 



9'{z) - 1 
9"iz) 



Thus (26), can be recast in terms of g yielding 
(28) g"{z) = a{z) + b{z)g'{z) + c{z)g'\z) + d{z)g'\z) 

with coefficients 
a(z) =-^ + 2(1-7) ^ 



h{z) 



1 — 70"' 



1 + e-^ 

I 25 , 7 2u , 4u , ,1 



1 — 7 cr' CJ 
7 4/i ^ 2^ 



■ 76 



(i(z) 



1 — 7 cr 

1 26 



1 — 7 C7^ 



0"^ 



7(47 - 3) 1 
+ 1 + -— z + 27e^ 



1-7 1 + e- 



1 — 70"' 



2(l + e^) + -^^e^ 
^ 1 — 7 cr^ 



7 



1 



1 - 7 1 + e- 



76 
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Note that for 7 = this is exactly the same as (3.15) in Kallsen and Muhle-Karbe 
(2010). 

As for the boundary conditions we have the following: 

(29) 5(^) = log(l + A), 5(^) =log(l-A), <7'(^) = 0, g'(p) = 0. 

In order to construct the value function, we start with the solution of 
(28). 

Proposition 4.1. Suppose that 

(i) (1 - 7)cr^ > ;U > and 
(a) 5 - 7/u + ^7(1 - 7)0-^ > 0. 

Then the free boundary problem (28) with boundary conditions (29) has a 
strictly decreasing solution. 

Proof. The proof is practically the same as that of Proposition 4.2 in 
Kallsen and Muhle-Karbe (2010). We repeat the beginning of the proof as 
there is a misleading typo in it, the rest goes through with the obvious 
modifications, so we only sketch the main steps. 

By assumption (i) there is a unique zq such that a{zQ) = 0. For any 
j3 ^ = zo — A with A > 0, there is a local solution (7a to (28) with initial 
conditions gAiP^) = log (1 + A) and g'^iP ^ = 0. Note that 

h{z) = d{z) H 5- - 1 + 



(T^ 1 ~ 7 1 + e 

^ 2^ ^ 27^-37 1 

c{z) = -2d{z) - + 1 + ' ' 



1 — 71 + e^ 

and sup^gf^ (i(z) < by assumption (ii). Then for sufficiently large M' the 
sign of g" is determined by d{z){g' {z))'^ whenever |5'(2)| > M' . That is, we 
have 5^(z) < for g'^{z) > M' and g'^{z) > for g'^{z) < -M' . Therefore 
g'^ can never leave the interval [— M',M'] for z > (3^. 

Following Kallsen and Muhle-Karbe (2010) we let = inf 1 2; > : 
g'{z) = o|. Since a{f3^) < 0, the function g/\ is strictly decreasing on 

Then it remains to show that for any L < log (1 + A) there is a A such 
that gA [Pa) — ^- The continuity argument of Kallsen and Muhle-Karbe 
(2010) applies to our case. First, it can be shown that g^ {Pa) ~^ log (1 + ^) 
as A — )• 0. Next, it can be established that Pa > ^o- After that, it can be 
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seen that [Pa] ~^ "OO as A ^ cxo. Moreover, (^AjSa) converges toward 
(S'AojS'ao) uniformly on compacts as A — > Aq. Finally, from the precedings 
it follows that g/\ (/3a) depends continuously on A, which completes the 
proof. □ 

Even though the proof works with 5 — 7/i + ^7(1 — 7)0"^ > 0, we are going 
to need a stricter version of it, which is a common standing assumption in 
related works 

This assumption is a necessary and sufficient condition for the value function 
in the problem without transaction costs to be finite and thus also a sufficient 
one when transaction costs are present. Observe that (30) implies S — 7/i + 
^7(1 - 7)^x2 > 0. 

Now that we have g, we can define 



(31) f{u) = ^e^-'^j (n) 

Note that the domain of / is [ni,n2], where 

1-A 1+A 

Ul = =—, U2 



As g is strictly decreasing and g: [/3, /?] [log (1 — A), log (1 + A)], the func- 
tion /: [?xi,ii2] — 7> [/3,/3] is also strictly decreasing and satisfies the free 
boundary problem (26) with boundary conditions (27) by taking 9i = 
and 60 



l+ui ■ 

Next we define h as 



(32) h{u 

where K is chosen such that H{ui) = u{h'{ui)) is satisfied. For this H{ui) > 
is needed and as we are going to need it later on, we prove now that H{u) 
is always positive. 

From the definition of /i, we have 

h'{u) 7 



h{u) n(l-Fe/(")) 



^ = 2 (7 - 1 - (1 + ./'(.))e^(") 



h{u) n2(l + e/("))^ 
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Using that uf'{u) > —1, we get 

- ^5 - 7^ + ^7(1 - iW) + - (1 - 7)^^): ^ 



h{u) V 2 " " 7 ' ' " 'l + e/W 



1 2 7 



(7 - 1 - (l + n/'(u))e^(")) 



2 (1 + e/W)' 

1 1 , . o 1 



2 



l + e-/(«) 2" (! + £-/(«)) 



2 



with equahty at u = ui,U2- This is a second-order polynomial of j^^^jjjij- 
As the minimum is attained at -> € ( — ^-tt, — ^-^), we need that this 

(1-7)0-'^ ^l+e-P ' 1+6-/5^' 

polynomial is always positive, which holds if and only if 



H^-f^ < 2(57(1 - -f)a^ ^ ^r^—^ < S. 



1 7 

21-70-2 



This is why we need this assumption. 

The fact that / satisfies (26), yields that the function h satisfies (25). 
From this it can be shown that h satisfies the HJB-equation. Let us start 
with the boundary conditions. The definition of h implies that 



meaning that 

l + e 



^Hu) _ . , .fin) 



uh'{u) 

which is again strictly decreasing, giving that 



uih'{ui) 



1 + et 



l + e^< < 1 + e^, u£{ui,U2) 

uh'{u) 



U2h'{u2) 



l + e". 



Using the definitions of ui and U2, it is clear that (10) holds as uh'{u) 
is always positive. To get the smooth pasting conditions, we take a look 
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at the boundary conditions of /, namely uf'{u) = —1 for u = ui,U2- By 
differentiating (33), we get 



meaning that 



h'{u) ^ ^^ + e/(«) l + e-/H 



h"{ui) ui 
ui , , , = -(1-7)- 



h'{ui) 1 + ui 

h"{u2) ,^ . U2 

U2 , . . = -(1-7)- 



h'{u2) 1+U2 + X 

Thus (11) holds as well. 

The only thing left to be shown is that h satisfies the equation (8). This 
follows from (25). If we multiply it by ^a'^h'{u) and rearrange it, we have 

which we can divide by H to get 

H'ju) 7 h"{u) 

H{u) ~ 1-7 h'{u) ' 

This yields KiH{u) = u{h'{u)) with some contant Ki. Since H(ui) = 
u{h'{ui)) by the definition of h we have that Ki = 1. Hence the HJB- 

equation (8) holds for h, which in turn means that v{x,y) = y'^h satis- 
fies the HJB-equation (7) on {(x,y) € : y > 0, ui < x /y < U2} ■ 
To summarize, we obtained the following result 

Proposition 4.2. Assume that (30) and (1 - j)a^ > fi > hold. Let 
g be the solution to the free boundary problem (28), (29). Define f , h as in 
(31), (32), respectively and let 

v{x,y) = y^'h(^^ , for{x,y)eNT, 

where NT = |(x,7/) G : y > 0, ui < | < 1*2 1. The function v and its 

derivatives extend continuously to NT. 

Then v is a solution to (7) on NT, satisfies 



(34) {1-X)v,{x,y) <vy{x,y) <{1 + X)v,ix,y), for {x,y) e NT 
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and the boundary conditions 

{1 + X)v^{uiy,y) = Vy{uiy,y), (1 -X)v^{u2y,y) = Vy{u2y,y), 
(1 +J)vxx{uiy,y) = Vyx{uiy,y), (1 - X)vxx{u2y,y) = Vyx{u2y,y), 
(1 + X)vxy{uiy, y) = Vyy{uiy, y), (1 - X)Vxy{u2y, y) = Vyy{y2y, y), 

for y > 0. 

REFERENCES 

Davis, M. H. A. and Norman, A. R. (1990). Portfolio selection with transaction costs. 
Math. Oper. Res. 15 676-713. MR1080472 (92b:90036) 

Gerhold, S., Muhle-Karbe, J. and Schachermayer, W. (2010). Asymptotics and 
Duality for the Davis and Norman Problem. ArXiv e-pnnts. 

Gerhold, S., Guasoni, P., Muhle-Karbe, J. and Schachermayer, W. (2011). Trans- 
action Costs, Trading Volume, and the Liquidity Premium. ArXiv e-prints. 

Kabanov, Y. and Safarian, M. (2009). Markets with transaction costs. Springer Finance. 
Springer- Verlag, Berlin. MR2589621 

Kallsen, J. and Muhle-Karbe, J. (2010). On using shadow prices in portfolio opti- 
mization with transaction costs. Ann. Appl. Probab. 20 1341-1358. MR2676941 

Karatzas, I. and Shreve, S. E. (1991). Brownian motion and stochastic calcu- 
lus, second ed. Graduate Texts in Mathematics 113. Springer- Verlag, New York. 
MR1121940 (92h:60127) 

Magill, M. J. P. and Constantinides, G. M. (1976). Portfolio selection with transac- 
tions costs. J. Econom. Theory 13 245-263. MR0469196 (57 ##8991a) 

Merton, R. C. (1969). Lifetime Portfolio Selection under Uncertainty: The Continuous- 
Time Case. The Review of Economics and Statistics 51 247-257. 

Merton, R. C. (1971). Optimum consumption and portfolio rules in a continuous-time 
model. J. Econom. Theory 3 373-413. MR0456373 (56 ##14599) 

Shreve, S. E. and Soner, H. M. (1994). Optimal investment and consumption with 
transaction costs. Ann. Appl. Probab. 4 609-692. MR1284980 (95g:90013) 

Department of Probability Theory and Statistics 
eotvos lorand university 

Pazmany Peter setany 1/C, 1117 Budapest, Hungary 
E-MAIL: prince@cs.elte.hu 
E-MAIL: prokaj@cs.elte.hu 



